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It is well known that elliptic curves with cyclic group of rational points
over "nite "elds play an important role in many applications of such curves
to artithmetic, cryptography, etc. (cf., for example, [1, 2, 6]). It is but natural
to ask for elliptic curve (with a cyclic group of rational points over a "nite
"eld) to to describe the extensions of the ground "eld for which the curve is
cyclic (i.e. has a cyclic rational points group) as well. This question is Problem
6.3 in [6].
Let us "x some notation and pose the problem more precisely. Let E be
an elliptic curve over a "nite "eld F
q
with q"pa elements, its characteristic
being p; let E(F
q
) be the group of its F
q
-rational points. We are interested in
the set
C(E) :"Mn3N: E(F
qn
) is cyclicN,
where N is, as usual, the set of positive integers. Note that the problem makes
sense only for E with cyclic E(F
q
), since otherwise C(E) is empty. Generally
speaking, the structure of C(E) is rather complicated, and it is convenient to*Partly supported by Russian Fundamental Research Foundation, project N 96-01-01378.
354
1071-5797/99 $30.00
Copyright ( 1999 by Academic Press
All rights of reproduction in any form reserved.
CYCLICITY OF ELLIPTIC CURVES 355consider some of its &&asymptotic’’ parameters. Let „ be a positive integer and
let C(E, „ ) be the intersection of C(E) with closed segment [1,„]; C(E, „) is
a "nite set of cardinality c(E, „). Let us de"ne
D(E) :"lim supMc(E, „)/„ : „PRN,
d(E) :"lim infMc(E, „)/„ : „PRN,
to be upper and lower densities of C(E); if D(E)"d(E) then C(E) has a natural
density.
A weaker variant of the principal problem is to describe possible values of
parameters D(E) and d(E), which seems to be also a nontrivial problem. We
de"ne also
D(q) :"maxMD(E): E/F
q
N, d(q) :"minMd(E): E/F
q
N,
In our paper we give some partial results concerning the problem which
are de"nitive in the supersingular case. Namely, our principal results are as
follows.
THEOREM 3.1. „he set C(E) for a cyclic supersingular elliptic curve E is
described as follows:
(i) If q is a square and m"$Jq (this is possible only if p,2 (mod 3) or
p"3) then C(E)"C
1
:"N!3N;
(ii) If q is not a square and m"$Jpq, then C(E)"C
2
:"N!4N for
p"2, and C(E)"C
1
"N!3N for p"3;
(iii) If m"0, then C(E)"C
3
:"N!2N.
COROLLARY 4.1. (i) For p"2, D(q)47/8.
(ii) For p"3, D(q)"2/3.
(iii) For p55,
(iii
1
) if q is not a square or q is a square, p,7mod12 then D(q)"1/2;
(iii
2
) D(q)"2/3 otherwise.
The rest of the paper is organized as follows: Section 2 contains some
preliminaries on an elliptic curve over "nite "elds, as well as some general
properties of the sets C(E). Sections 3 and 4 are devoted to the supersingular
and ordinary elliptic curves, respectively; the supersingular case is rather easy
and we know the exact answer there, while in the case of ordinary curves the
situation is much more complicated. In Section 5 we consider a closely
related question on the size of the N-division "eld for an elliptic curve over
a "nite "eld (cf. [6, Problem 6.1]).
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In this section we give some results on elliptic curves over "nite "elds and
describe some general results on C(E).
Let us recall some basic facts on elliptic curves over the "nite "eld F
q
. One
"nds proofs, for example, in [3] or [7]. We use the following notation: E is an
elliptic curve de"ned over the "nite "eld F
q
, E (F
q
) is the group of its
F
q
-rational points; the order of this group is denoted by N"N(E), and we set
m"q#1!N. The integer m is called the trace of Frobenius, since the
Frobenius endomorphism /3End
q
(E), which acts on E raising the coordinates
of the points to the qth power, satis"es the equation /2!m/#q"0. By
End
q
(E) we denote the ring of endomorphisms of E de"ned over the "eld F
q
,
End(E) being the ring of endomorphisms of E (de"ned over the algebraic
closure of F
q
). The function "eld analog of the Riemann hypothesis (which is
proved in this case) states that DmD42Jq. We denote by u"u(E) the root of
the equation /2!m/#q"0 with positive imaginary part; thus, it is an
eigenvalue of /.
By E[n] for a positive integer n we denote the n-torsion subgroup of the
group of points of E (over the algebraic closure of the ground "eld). The curve
E is called supersingular if E[p] is trivial, where p the characteristic of F
q
, and
ordinary, if it is not the case (then E[p]"Z/pZ). The supersingularity of E is
equivalent to the condition p Dm.
Two elliptic curves E and E@ are called isogenous if there exists a surjective
map of E onto E@ de"ned over F
q
.
PROPOSITION 2.1. ‚et E and E@ be elliptic curves over a ,nite ,eld F
q
. „hen
E is isogenous to E@ if and only if
AE(F
q
)"AE@(F
q
)
As usual, we denote by AS of A(S) the cardinality of a "nite set S.
Therefore, an isogeny class of elliptic curves over F
q
is de"ned by the value
of m; let I(m) be the class corresponding to m, i.e. an elliptic curves from I(m)
has exactly q#1!m points de"ned over F
q
.
PROPOSITION 2.2. ‚et m be an integer with m244q. „hen I(m) is not empty
if and only if one of the following holds:
(i) p does not divide m;
(ii) q is an odd power of p and one of the following holds:
(ii
1
) m"0;
(ii
2
) p"2 or 3, and m"$Jpq;
(iii) q is an even power of p and one of the following holds:
(iii
1
) m"$2Jq;
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2
) m"$Jq, and p"3 or p,2 mod 3;
(iii
3
) m"0, and p,2, 3 mod 4.
Note that the case (i) corresponds to ordinary curves, while cases (ii) and
(iii) correspond to supersingular curves.
Proposition 2.2 describes all possible orders of the group E(F
q
). In fact, all
possible isomorphism classes of E(F
q
) are also known (cf., e.g., [9; 8, Theorem
2.4.31]; a similar description was also independently obtained by F. Voloch
as well as by H.-G. RuK ck).
THEOREM 2.1. A ,nite abelian group G of order N"q#1!m, with
m244q, is isomorphic to E(F
q
) for an elliptic curve over F
q
if and only if one the
following conditions holds:
(i) p does not divide m, and GK Z/A]Z/B, where B D A, B D (m!2);
(ii) q is an odd power of p and one of the following holds:
(ii
1
a) m"0, p,1, 2 mod 4, and G is cyclic;
(ii
1
b) m"0, p,3 mod 4, and G is either cyclic or GKZ/A]Z/2, where
A"(q#1)/2;
(ii
2
) p"2 or 3, m"$Jpq, and G is cyclic;
(iii) q is an even power of p and one of the following holds:
(iii
1
) m"$2Jq and GK(Z/A)2, where A"JqG1;
(iii
2
) m"$Jq, and p"3 or p,2 mod3, and G is cyclic;
(iii
3
) m"0, and p,2, 3 mod 4, and G is cyclic.
The Proof of Theorem 2.1 relies on the description of possible endomor-
phism rings for elliptic curves over "nite "elds. They are orders in a complex
quadratic "eld or in a quaternion algebra.
An order in a complex quadratic "eld K is a subring of the "eld "nitely
generated as the Z-module, not coinciding with the ring of rational integers
Z. Let O
K
"O
.!9
be the maximal order in K which is the integral closure of
Z in K. Any order O in K is of the form O"Z#c )O
K
for a unique positive
integer c which is called the conductor of O. The discriminant *(O) of O equals,
in this case Dc2, where D is the discriminant of the "eld K; thus, *(O)
determines the order O uniquely, and we write O"O(*). We denote by
Q
=,p
the unique quaternion algebra over Q which rami"es exactly at R and
p; maximal orders in Q
=,p
are noncommutative rings of rank four over Z.
PROPOSITION 2.3. ‚et m be as in Proposition 2.2. „hen the following rings
are precisely ones occurring as endomorphism rings End
q
(E) for E3I(m):
(i) if p does not divide m: all quadratic orders containing O(m2!4q);
(ii) for m"$2Jq: all maximal orders in Q
=,p
;
(iii) if p divides m and mO$2Jq: all quadratic orders containing
O(m2!4q) with the conductor coprime with p.
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closure of F
q
) are de"ned over F
q
.
From now on we assume that the curve E is cyclic over F
q
. Let l be a prime
di!erent from p. Then the group E[l] is isomorphic (over the algebraic
closure of the ground "eld) to<which is a two-dimensional vector space over
the "eld F
l
"Z/lZ; the action of the Frobenius endomorphism / gives
/
l
3G‚(<). Fixing a basis in < we get an element of the group G‚
2
(F
l
) which
we denote also by /
l
. By its very de"nition /
l
"xes exactly those elements of
< which are de"ned over F
q
; moreover, for any positive integer a the power
/a
l
"xes exactly the elements of E[l] rational over the extension F
qa
of F
q
.
Using the last remark one gets a description of C(E).
PROPOSITION 2.4. ‚et a
l
"a
l
(E) be the order of /
l
in the group G‚
2
(F
l
), and
let NC(E) be the complement of C(E) in N. „hen
NC(E)"Z
lOp
a
l
N, C(E)"N!Z
lOp
a
l
N.
Proof. Indeed, a
l
Da3N for some prime lOp then E(F
qa
) contains E[l]
and thus is not cyclic. Conversely, an abelian group G is cyclic unless it
contains a subgroup isomorphic to (Z/lZ)2 for some prime l. Therefore,
a3NC(E) implies a
l
Da for some prime lOp. j
We need also the following obvious fact (which follows from the congru-
ence det(/
l
),q(modl ) ).
LEMMA 2.1. If a3NC(E) and E[l]-E(F
qa
) then qa,1(mod l).
As we shall see below the behaviour of C(E) is di!erent for ordinary and
supersingular curves E, respectively, and we introduce the notation:
D
03$
(q) :"maxMD(E) : E/F
q
is ordinaryN,
d
03$
(q) :"minMd(E) : E/F
q
is ordinaryN;
D
44
(q) :"maxMD(E) : E/F
q
is supersingularN,
d
44
(q) :"minMs(E) :E/F
q
is supersingularN.
3. SUPERSINGULAR CASE
For our problem the case of a supersingular (ss) elliptic curves is much
easier than that of an ordinary elliptic curve, and here we can give the
de"nitive solution. Recall that by Theorem 2.1 a supersingular elliptic curve
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(i) q is a square, p,2 (mod 3) or p"3, and m"$Jq;
(ii) q is not a square, p"2 or p"3, and m"$Jpq;
(iii) m"0.
THEOREM 3.1. „he set C(E) for a cyclic supersingular elliptic curve E is
described as follows in the cases (i), (ii), and (iii), respectively:
(i) C(E)"C
1
:"N!3N;
(ii) C(E)"C
2
:"N!4N for p"2, and C(E)"C
1
"N!3N for p"3;
(iii) C(E)"C
3
:"N!2N.
Proof. First note that in the cases (i) and (ii) the group E(F
qa
) and, thus, its
cyclicity is determined by its order.
(i) Here u"aJq with a3"$1, a3O$1. Therefore, if 3 does not divide
n51, one has m
n
:"Tr(un)3M$qn@2N while for 3 Dn, an"$1 and
u"$qn@23N, m
n
"$2qn@2. Now applying Theorem 2.1(iii
1
) and (iii
2
) we
are done.
(ii) If p"2 them m"$J2q, and u"aJq with a4"!1. For an odd n,
an is of the same type as a and, thus, E(F
qn
) is cyclic. For 4 D n we get a3N; thus
u3N and nNC(E) by Theorem 2.1(iii
1
). For n32N!4N, an is purely imagi-
nary and, thus, m
n
"0; since qn is a square, Theorem 2.1(iii
3
) gives the result.
For p"3 we have u"aJ3q with a3"$1, aO$1, and one can repeat
the argument of (i).
(iii) Here u"iJq, i2"!1, and thus m
n
3N for an even n which implies
nNC(E). For an odd n, m
n
"0, and by Theorem 2.1(iii
3
) either n3C(E) or
E[2]-E(F
qn
). The latter is impossible for p"2. Let then q be odd. The
element /
2
3G‚
2
(F
2
)KS
3
is nontrivial, its square being trivial since
E[2]-E(F
q2
). Therefore, any odd degree of it is nontrivial and we are done.
COROLLARY 3.1. For a supersingular elliptic curve one has d(E)"D(E)3
M1/2, 2/3, 3/4N. Moreover,
(i) If p"2 and
(i
1
) q is not a square then d(E) equals 1/2 or 3/4;
(i
2
) q is a square then d(E) equals 1/2 or 2/3.
(ii) If p"3 then d(E) equals 1/2 or 2/3.
(iii) If p55 and
(iii
1
) q is not a square then d(E) equals 1/2;
(iii
2
) q is a square, p,3mod4, p,2mod 3 then d(E)"1/2 or 2/3;
(iii
3
) q is a square, p,1mod4, p,2mod 3 then d(E) equals 2/3;
(iii
4
) q is a square, p,3mod4, p,2mod 3 then d(E) equals 1/2.
Note that Corollary 3.1 gives the values d
44
(q) and D
44
(q) for any q for which
they are de"ned (i.e., except q is an even power of a prime p,1mod12 for
which all supersingular elliptic curves over F
q
are noncyclic).
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For the ordinary case the situation is more complicated and we can give
only some bounds for D(E) and d(E).
Let C
1
, C
2
, and C
3
be as in Theorem 3.1; thus, they are possible C(E)’s for
a supersingular elliptic curve E.
PROPOSITION 4.1. ‚et pO2. „hen C(E)-C
1
or C(E)-C
3
.
Proof. Indeed, consider /
2
3G‚
2
(F
2
)KS
3
; its order a
2
equals 2 or 3. If
a
2
"2 then C(E)-C
3
, and for a
2
"3 one gets C(E)-C
1
. j
Remark 4.1. For p"2 it is not true that always a
3
D4; thus it is not possible
to use the argument of the proof of Proposition 4.1 (with l"3, instead of 2) to
get that for p"2, C(E)-C
2
. Indeed, for an ordinary elliptic curve E/F
2
with
m"1 one easily veri"es that a
3
(E)"8.
COROLLARY 4.1. (i) For p"2, D(q)47/8.
(ii) For p"3, D(q)"2/3.
(iii) For p55,
(iii
1
) if q is not a square or q is a square, p,7mod12, D(q)"1/2;
(iii
2
) D(q)"2/3 otherwise.
PROPOSITION 4.2. ‚et E be an elliptic curve with the Frobenius trace m, let
l’2 be a prime, and let * :"m2!4q, „hen one has:
(i) If (*/l)"1 then a
l
D (l!1).
(ii) If (*/l)"0 then a
l
D l(l!1).
(iii) If (*/l)"!1 then a
l
D (l2!1).
Here (x/l) is the ‚egendre symbol which equals #1, !1, or 0, for an integer
x being a nonzero quadratic residue, nonquadratic residue, and 0mod l, respec-
tively.
Proof. This follows from elementary properties of the Galois representa-
tion o
l
: GPG‚
2
(F
l
), G being the Galois group of the group "eld; cf. [4, Chap.
2], since in the cases (i), (ii), and (iii) the image G
l
of o
l
is contained in a split
Cartan subgroup, a Borel subroup, and a nonsplit Cartan subgroup of
G‚
2
(F
l
), respectively. j
As we have seen in Section 3, d(E)’0 for any supersingular elliptic curve
E; moreover, d(E)51/2 independently of q. We are not able to prove that
d(E)’0 for an ordinary curve E which seems to be very probable; however,
d(E) is not separated from zero for ordinary elliptic curves and variable q. In
other words, one has
PROPOSITION 4.3. d
03$
:"lim inf d(q)"0, where the limit is taken over all
,nite ,elds.
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power q and an elliptic curve E/F
q
such that P-NC(E). From this the
proposition follows easily by choosingP
n
to be the set of the "rst n primes for
growing n. Indeed, let P"Mp
1
,2, psN and let L"Ml1,2, lsN be a set of
primes with l
i
,1 (mod p
i
) for i"1,2, s. Let us pick for each i"1,2 , s an
element f
li
of the order p
i
in the split Cartan subgroup C
li
of G‚
2
(F
li
) which is
possible sine l
i
,1 (mod p
i
). By the Chinese remainder theorem one "nds an
element /3G‚
2
(Z) such that /,f
li
(modp
i
). By the Dirichlet theorem on
primes in arithmetic progressions one can also assume that det/ is a prime p.
Then an elliptic curve E over F
p
with End(E)"Z[/] (which does exist by
Proposition 2.3(i)) satis"es our conditions. j
COROLLARY 4.2. lim inf d(p)"0 for a prime p tending to R.
5. DIVISION FIELD FOR SUPERSINGULAR CURVES
In the book [6] one "nds the following.
Question 5.1. ("Problem 6.1 or [6]). ‚et N be positive integer, and let
E/F
q
be an elliptic curve. Obtain upper and lower bounds for the degrees d
N
(E)
over k"F
q
of the ,eld K
N
"k(E[N]) generated by coordinates of points of
N-division on E.
In fact, the argument used above in Section 3 makes it possible to resolve
this question for supersingular curves.
Let us recall "rst some notation. Let a"lm be a power of prime l, and let
b be an integer. Then we de"ne
ord
a
(b) :"minMn: bn"1 mod aN.
For a prime l and natural N and t we write ltEN if N is divisible by lt, but not
by lt‘1.
PROPOSITION 5.1. ‚et E be a supersingular elliptic curve. „hen there exists
a constant c3M1/2, 1/6, 1/8N such that
d
N
(E)"c ) <
ltEN
ord
lt
(q).
Proof. Passing to an extension of degree 1/c one can reduce the problem
to the case of a supersingular elliptic curve E/F
q2
with u(E)"q, in which case
the proposition follows from Theorem 2.1(iii
1
). j
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N
(E)(N.
Moreover, if we de"ne d
44
(E) :"lim sup(d
N
(E)/N) then we get
COROLLARY 5.2. d
44
(E)’0.
Remark 5.1. It is well known that for an elliptic curve over a number "eld
const )N4/logN4O(A(G‚
2
(Z/NZ))"d
N
(E)(N4,
if E is without complex multiplication, and
const )N2/logN4O(A(R/NR)*)"d
N
(E)(N2,
if R"End(E) is a complex quadratic order; i.e., E enjoys complex multiplica-
tion (this follows, e.g. from the principal results of [5]).
On the other hand, for an ordinary elliptic curve over F
q
, Proposition 4.2
(or rather its analog for a power of l ) implies easily that
d
N
(E)"O(N2
~
)N
‘
/logN
‘
),
where
N
‘
:" <
ltEN: (*@l)/‘1
lt
and
N
~
:" <
ltEN: (*@l)/~1
lt
for *"m2!4q, m"m(E) being the Frobenius trace of E. One can ask
whether in this case d
03$
(E) :"lim sup(d
N
(E)/N2)’0, in analogy with super-
singular elliptic curves.
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